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AP® CALCULUS AB/CALCULUS BC

2018 SCORING GUIDELINES

Question 1

(a)

(b)

(c)

(d)

300
'[0 r(t)dt =270

According to the model, 270 people enter the line for the escalator
during the time interval 0 < ¢ < 300.

300 300
20+ [ 7 (r(1) = 0.7) di = 20+ " (1) di ~ 0.7-300 = 80

According to the model, 80 people are in line at time ¢ = 300.

Based on part (b), the number of people in line at time ¢ = 300 is 80.

The first time ¢ that there are no people in line is
80

300 + 07 414.286 (or 414.285) seconds.
The total number of people in line at time #, 0 < ¢ < 300, is modeled by
t
20 + .[0 r(x) dx —0.7t.
r(t)—0.7=0 = 1, =33.013298, ¢, = 166.574719
t | People in line for escalator
20
4 3.803
t 158.070
300 80

The number of people in line is a minimum at time ¢ = 33.013 seconds,
when there are 4 people in line.
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5. 1 : integral
"1 1:answer

5. 1 : considers rate out
" | 1:answer

1 : answer

1 : considers (1) —0.7 =0
4 1 : identifies ¢ = 33.013

1 : answers

1 : justification
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: Ve Y
44— 11 — — <t <300
)'(t) - [100] [ 300] for 0 <t < 30
0 for + > 300,

where (¢) is measured in people per second and 7 is measured in seconds. As people get on the escalator,
they exit the line at a constant rate of 0.7 person per second. There are 20 people in line at time 7 = 0.

(a) How many people enter the line for the escalator during the time interval 0 < ¢ < 300 ?

P (@0 - e

©

(b) During the time interval 0 < ¢ < 300, there are always people in line for the escalator. How many people
are in line at time ¢ = 300 ?

7(300) =710
290 - 2\0 =[$O[
012102200
[L’:;’:L‘l‘.’2??2.2%'2.’32?&%2‘;2?“ of -4- Continue question 1 on page S.
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(c) For ¢ > 300, what is the first time r that there are no people in line for the escalator?

(k-300)(.7)-30=0

7k - 210-80=0
JE=+290
fe= 412865 ]

—_— ]

(d) JFor O < r < 300, at what time 7 is the number of people in line a minimum? To the nearest whole
number, find the number of people in line at this time. Justify your answer.

="'0\‘|| le 6 - i
P PQSD? 6—8 = r(t) ‘7 L Lk)
0 20
33,013 | 3.803
0= rlt)-.7 mégs tsgigovom
L= 166575
£=33.013

minimum af hme £=33.013s

P(l:): J: -7 b +‘ZO M are in line

— !
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1. People enter a line for an escalator at a rate modeled by the function r given by ' 0" 4
7 - ! !
aa{ 2| '[1 = Z-] for 0 <1< 300 i
r(r) = [100][ 300] : g(o =Jo
0 for ¢ > 300,

where r(¢) is measured in people per second and 7 is measured in seconds. As people get on the escalator,

they exit the line at a constant rate of 0.7 person per second. There are 20 people in line at time 7 = 0.
_ e R —————

{a) How many people enter the line for the escalator during the time interval 0 < ¢ < 300 ?

2 uu(zy (-5 = L 276 Resple
’ enber Hu e Sor
Yoo eScalador during
Yoo Hme tnterval 02 ¥ £ 308

(b) During the time interval 0 < ¢ < 300, there are always people in line for the escalator. How many people
are in line at time ¢ = 300 ?
L= 6.}
300 300 C)
20+ 5. 104y =, 0.Fdk

Qo Qg — Ao

[F Vi 42 200Seonds, horeding 801 feorle
N (e Loy sheeScaledor

[Unaulhorlzed copying or reuaiil -4~ Continue question 1 on page 5.
any part of this page Is lllegal.
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(c) For > 300, what is the first time ¢ that there are no people in line for the escalator?

%r\ 1+ 7 3&0/ ,4& (11 g‘(’ H My "} H[l"f\ “’L\.z/f(,
Ol 1o Qeople in \ine Bor Hhe §3caledar 1572325

(d) For 0 << 300, at what time ¢ is the number of people in line a minimum? To the nearest whole
number, find the number of people in line at this time. Justify your answer.

3 — 07 33013348 A
LH’}(\OO (\ ‘3/0 O Do+ SO 0 y\(wL)g“-” Sj()?&#

sy (-4 ) =07

ki §=33.013 Seoconds e 1S 0 Mitimary

0+ 3503 Fe_ogfe on 'V{NzeS(alawLof

authorizad copylng or reuse of
ypat of this page is ilegal.
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1. People enter a line for an escalator at a rate modeled by the function » given by

' 3 { 7
Yl=—[1 = —= <:<
1) = [100] [ 300] for 0 £1:<300

0 for ¢ > 300,

where r(f) is measured in people per second and # is measured in seconds. As people get on the escalator,
they exit the line at a constant rate of 0.7 person per second. There are 20 people in line at time ¢ = 0.

e —

(a) How many people enter the line for the escalator during the time interval 0 < ¢ < 300 ?

5 +
\’C“Cj = 44(\00 (\#300 / (; O ,500)

300 -

peope = J{; ‘x‘\'(wa)) (\~Joo\) dt
T

peopl” | 56700 pee

(b) During the time interval 0 < ¢ < 300, there are always people in line for the escalator. How many people
are in line at time ¢ = 300 ? o

:‘}OO 5 r30°
20t tht) gt = \ (07 d”)

o

300 . =

',-'C-\B o _;:‘_, \\—’ z 300

= i‘ 5@ P@P&\

lUnauthorized‘copying of reuse ofJ -4- Continue question | on page 5.
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29
(¢) For 1 > 300, what is the first time ¢ that there are no people in line for the escalator? 2ot &
(€)= O + 72200

Theve one " paopis o hwwo for e scalater
£irst ox ¥z L= opn,

(d) For 0 <t < 300, at what time ¢ is the number of people in line a minimum? To the nearest whole
number, find the number of people in line at this time. Justify your answer.

=) red
. rom.-'a_,r - ex'7T = O
Yr(x)=o0 0.nd (;V\(x'r“éu inc = dec

: £ N\
()T 44 (%;f (1-3) =€
=190 <Sec.
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AP® CALCULUS AB/CALCULUS BC
2018 SCORING COMMENTARY

Question 1
Overview

The context of this problem is a line of people waiting to get on an escalator. The function » models the rate at

3 7
which people enter the line, where r(¢) = 44(%) (1 - ﬁ) for 0 < ¢ <300, and r(¢) = 0 for £ > 300; r(¢)

is measured in people per second, and ¢ is measured in seconds. Further, it is given that people exit the line to get on
the escalator at a constant rate of 0.7 person per second and that there are 20 people in the line at time ¢ = 0. In

part (a) students were asked how many people enter the line for the escalator during the time interval 0 < ¢ < 300.
A correct response demonstrates the understanding that the number of people entering the line during this time
interval is obtained by integrating the rate at which people enter the line across the time interval. Thus, this number

300
is the value of the definite integral I . r(t) dt. A numerical value for this integral should be obtained using a

graphing calculator. In part (b) students were given that there are always people in line during the time interval

0 <t <300 and were asked to determine the number of people in line at time # = 300. A correct response should
take into account the 20 people in line initially, the number that entered the line as determined in part (a), and the
number of people that exit the line to get on the escalator. It was given in the problem statement that people exit the
line at a constant rate of 0.7 person per second, so the number of people that exit the line to get on the escalator can
be found by multiplying this constant rate times the duration of the interval, namely 300 seconds. In part (¢) students
were asked for the first time ¢ beyond ¢ = 300 when there are no people in line for the escalator. Because no more
people join the line after # = 300 seconds, and people exit the line at the constant rate of 0.7 person per second,
dividing the answer to part (b) by 0.7 gives the number of seconds beyond ¢ = 300 before the line empties for the
first time. Adding this quotient to 300 produces the answer. In part (d) students were asked when, during the time
interval 0 < ¢ < 300, is the number of people in line a minimum, and to determine the number of people in line (to
the nearest whole number) at that time, with the added admonition to justify their answer. The Extreme Value

t
Theorem guarantees that the number of people in line at time ¢, given by the expression 20 + Io r(x) dx —0.7t,

attains a minimum on the interval 0 < ¢ < 300. Correct responses should demonstrate that the rate of change of the
number of people in line is given by (¢) — 0.7. Solving for r(z) — 0.7 = 0 within the interval 0 < ¢ < 300 yields

two critical points, ¢, and #,, so candidates for the time when the line is a minimum are ¢t = 0, ¢, ¢,, and ¢ = 300.

1]
The number of people in line at times #; and #, is computed from 20 + Jol r(x) dx —0.7t; and

t
20 + '[02 r(x) dx — 0.7t,. The answer is the least of 20, these two computed values (to the nearest whole number),

and the answer to part (b), together with the corresponding time ¢ for this minimum value.

For part (a) see LO 3.3B(b)/EK 3.3B2, LO 3.4A/EK 3.4A2, LO 3.4E/EK 3.4E1. For parts (b) and (c), see LO
3.4A/EK 3.4A2, LO 3.4E/EK 3.4E1. For part (d) see LO 1.2B/EK 1.2B1, LO 2.3C/EK 2.3C3, LO 3.3B(b)/EK
3.3B2, LO 3.4A/EK 3.4A2, LO 3.4E/EK 3.4E1. This problem incorporates the following Mathematical Practices
for AP Calculus (MPACs): reasoning with definitions and theorems, connecting concepts, implementing
algebraic/computational processes, building notational fluency, and communicating.

Sample: 1A
Score: 9

The response earned all 9 points: 2 points in part (a), 2 points in part (b), 1 point in part (c), and 4 points in
300
! t

3 7
44(—) (1 - —) dt. The response earned the

part (d). In part (a) the response earned the first point for f 100 300

0

© 2018 The College Board.
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AP® CALCULUS AB/CALCULUS BC
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Question 1 (continued)

second point for the answer 270. In part (b) the response earned the first point for —210 on the right side of the
response area. The response earned the second point for the answer 80. In part (c) the response earned the point
for the answer 414.286. What appears to be a fourth digit of 5 is not a digit but the letter s for seconds. Units are
not required to earn any points in this question. In part (d) the response earned the first point for 0 = »(¢) — .7 in

line 2. The response earned the second point with # = 33.013 in line 4. The response earned the third point for the
boxed information. What appears to be a fourth digit of 5 is not a digit but the letter s for seconds. The response
earned the fourth point for the candidates test demonstrated with the table. The expression for the function p,
identified as “total people,” supports how the values at 33.013 and 166.575 are produced.

Sample: 1B
Score: 6

The response earned 6 points: 2 points in part (a), 2 points in part (b), no point in part (c), and 2 points in part (d).
300

3 7
44(L) (1 - L) dt. The response earned the second

In part (a) the response earned the first point for f 100 300

0
300
point for the answer 270. In part (b) the response earned the first point with the term — _[0 0.7 dt. The response

earned the second point for the answer 80. In part (¢) the response did not earn the point because what is presented

3 7
is incorrect. In part (d) the response earned the first point in line 2 with the equation 44 (ﬁ) (l - ﬁ) =0.7.

The response earned the second point with ¢ = 33.013 in line 3. The response did not earn the third point for the
answers because 3.803 is not rounded to a whole number. The response did not earn the fourth point because it
does not have a complete justification.

Sample: 1C
Score: 3

The response earned 3 points: 1 point in part (a), 2 points in part (b), no point in part (c), and no points in part (d).
300

3 7
In part (a) the response earned the first point for f 44(%) (1 - ﬁ) dt. The response did not earn the
0

second point because 56700 is incorrect. In part (b) the response earned the first point with the term

300
_(Jo (0.7 a’t)) in line 1. The response earned the second point for the answer 80. In part (c) the response did not

earn the point because what is presented is incorrect. In part (d) the response did not earn the first point with any
of the equations presented. The equation at the top right “rate enter — rate exit = 0 is too formulaic and not
specific to the question. The response does not identify # = 33.013 and did not earn the second point. As a result,
the response is not eligible to earn the remaining 2 points.

© 2018 The College Board.
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Question 2
(a) p'(25)=-1.179 5. 1 : answer
" | 1 : meaning with units
At a depth of 25 meters, the density of plankton cells is changing at a
rate of —1.179 million cells per cubic meter per meter.
30
(b) [, 3p(h)dh = 1675414936 5. [ 1:integrand
" | 1 :answer
There are 1675 million plankton cells in the column of water between
h =0 and & = 30 meters.
() .[3[; 3f(h) dh represents the number of plankton cells, in millions, in 1 : integral expression

the column of water from a depth of 30 meters to a depth of K meters. 34 1:compares improper integral
1 : explanation
The number of plankton cells, in millions, in the entire column of

o 30 K
water is given by J.o 3p(h) dh + .[30 3f(h) dh.

Because 0 < f(h) < u(h) forall h = 30,

3% oy dn < 3 un) dn < 3[7u(h) di = 3105 = 315
.[3of( ) dh < J30u( ) dh < .Lou( ydh =3 B ‘

The total number of plankton cells in the column of water is bounded
by 1675.415 + 315 =1990.415 < 2000 million.

1
(@) [ V() + (1) dr = 757.455862 [ 1:integrand
" | 1: total distance

The total distance traveled by the boat over the time interval 0 < ¢ <1
is 757.456 (or 757.455) meters.

© 2018 The College Board.
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Researchers on a boat are investigating plankton cells in a sea. At a depth of & meters, the density of plankton

o

2
cells, in millions of cells per cubic meter, is modeled by p(h) = 0.2h%¢ 000255 £5r 0 < 4 < 30 and is

modeled by f(h) for h > 30. The continuous function fis not explicitly given.
(a) Find p’(25). Using correct units, interpret the meaning of p’(25) in the context of the problem.
?'(25)= -1 A 79
o ol 5 meterS, the JonSHY of  plenkfon s J{’,C\”m‘sﬁi’j

irtS o eS| (S
L7 w\:\ 103% ) - oS  Jofth l\\w&ts
WNefey

ot o def

ok o rate ol

(b) Considera vertical column of water in this sea with horizontal cross sections of constant area 3 square
meters. To the nearest million, how many plankton cells are in this column of water between 4 = 0 and
h = 30 meters?

30
3 \’f(‘\)cl% = 1675 wmitiga plerkiea ceily
0

Unauthorized copying or reuse of A . . )
Lmy part of this page is illegal. 6 Continue question 2 on page 7.
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2A

w1990 r2a

0]
(c) There is a function u such that 0 < f(h) < u(h) for all h 230 and -[30 u(h) dh = 105. The column of
water in part (b) is K meters deep, where K > 30. Write an expression involving one or more integrals
that gives the number of plankton cells, in millions, in the entire column. Explain why the number of

plankton cells in the column is less than or cé(z,ual to 2000 million. K
fumber of  planklon LellST Xﬂk\“\ e \ E(NYdL
0 30

e KOS Q;‘.'\f-}e,) and 0y eulh) Eor all h>2e
=27

5 30

30 _ s
sine 3G PRI 15 apprormetl] 157‘3)

30 K&
3 GWNE > NE(RVIh £ (910 it oty
5 39

(d) The boat is moving on the surface of the sea. At time 7 2 0, the position of the boat is (x(¢), y(¢)). where
x’(r) = 662sin(5¢) and y’(r) = 880 cos(6/). Time 7 is measured in hours, and x(¢) and y(r) are

measured in meters. Find the total distance traveled by the boat over the time interval 0 <7 < 1.
i

S\W\SWQ'L«:\)“ Aa= m

O
[Unau(horized_copylng or reuse of] -7~ GO ON TO THE NEXT PAGE.
any part of this page is illegal.
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2. Reseatchers on a boat are investigasing plankton cells in a sea. At a depth of & meters, the density of plankton
) ) 3
cells, in millions of cells per cubic meter, is modeled by p(h) = 0.2k 2= 00025k £6'0 < 1 S 30 and is

modeled by f (k) for h 2 30. The conti.nudt'is fiiction £ i not explicitly given.

(a) Rind p @5) Using correct umts interpret the meamng of p’(25) in the context of the problern

(Wx'- ol ¥ \( wq'*”\

£ U s, Aa dasty
SO S(ney L)\,( | \E mhen coll S

(&) Consider a vertical column of water iri. this sea with. horizontal cross sectioris of constant area 3 square
meters. To the neargst million, how many planikioni‘cells axé in this column of water between kA = 0 and
h = 30 meéters? :

’z / -"OOTS-“:T;::: dl\

Urauthoiized-copyIng of Fouse of 6+ Continue question 2 on page 7.
any-partof thls:page:ls Illagdl,
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Lk
(c) There is a function u such that 0 < f(h) < u(h) for all A > 30 and I = 105. The column of P

water in part (b) is K meters deep, where X > 30. Write an expression involving one or more integrals

that gives the number of plankton cells, in millions, in the entire column. Explain why the number of

plankton cells in the column is less than or equal to 2000 million.

To K

\ 6+ 3

(R

To

Cace «CG‘\ N less Al UCLB
go?r‘(h\éu i less Wam { uih) di,
)

= WQ gg(k\&" 1< \e_sg Y QS
\‘,é?S‘«-(OS’ < Lo

(d) The boat is moving on the surface of the sea. At time ¢ 2 0, the position of the boat is (x(¢), y(¢)), where
x'(t) = 662sin(S¢) and y’(¢) = 880.cos(6¢). Time ¢ is measured in hours, and x(t) and y(¢) are
measured in meters. Find the total distance traveled by the boat over the time interval 0 < ¢ <

e - 7

lUnauthorlzed copying or reuse of iy GO ON TO THE NEXT PAGE.
any part of this page Is llegel.
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2. Researchers on a boat are investigating plankton cells in a sea. At a depth of A .meters, the density of plankton
cells, in millions of cells per cubic meter, is modeled byl. (h) =0. D ON25 ?or!O < h <30 ahdis

modeled by f(h) for # 2 30. The continuous function f is not explicitly given.
L AL A e

(a) Find p’(25). Using correct units, interpret the meaning of p’(25) in the context of the problem.

2\ M
P//:-)ﬁﬁ 5 j—l (0 1}\'26:' 0002?'\ > - }‘_/ :}5{ e / / \
78

ot plankion

o 1 {4 dencrt

T F/oﬂ/br’ﬂ/) ) a/e(rmfﬁ

,(25/) S 'fm }fcr)L( of Chune
4 l
/« 7/’4 (\!(?/\m}!( '
A Ths (% / Jaq whon cels/e3/c
ﬂ':( a rett gk 4

R

(b) Consider a vertical column of water in this sea with horizontal cross sections of constant area 3 square

meters. To the nearest million, how many plankton cells are in this column of water between # = 0 and
h = 30 meters?

20 i R

Y ; A i s ,'{Iq-on “\f
— 17 wedcs | oy ko F(SSE M

~

0
| Z20m
| 222
K\" | |
g:ya:?:r;.;_g:glgoppaygl:?scl:l;egz?ﬂ -6- Continue question 2on page 7.
© 2018 The College Board.
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2662

0
(c) There is a function « such that 0 < f(h) < w(h) for all h > 30 and LO u(h) dh = 105. The column of
water in part (b) is K meters deep, where K > 30. Write an expression involving one or more integrals
that gives the number of plankton cells, in millions, in the entire column. Explain why the number of

plankton cells in the column is less than or equal to 2000 million.

\ 26
[ .

| ks [ ulun = gt s
/0 30

m Co [umA

(d) The boat is moving on the surface of the sea. At time 7 2 0, the position of the boat is (x(), y(r)), where
x'(r) = 662sin(5¢) and y’(t) = 880cos(6¢). Time ¢ is measured in hours, and x(r) and y(r
measured in meters. Find the total distance traveled by the boat over the time interval 0 < ¢

) are
<L

N - N
digt = //\; (OGN ¢ (Gb2sn (s-af*/clt

g

lUnaulhorized.ccpylng or reuse of -7- GO ON TO THE NEXT PAGE.
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AP® CALCULUS BC
2018 SCORING COMMENTARY

Question 2
Overview

The context of this problem is an investigation of plankton cells in a sea. The density of plankton cells at a depth of

2
h meters is modeled by p(h) = 0.2h%e %" for 0 < h < 30 and is modeled by f(h) for & > 30. The density
is measured in millions of cells per cubic meter, and the function f is stated to be continuous but is not explicitly
given. In part (a) students were asked for the value of p'(25) and to interpret the meaning of p'(25) in the context

of the problem. A correct response should give the derivative value as obtained from a graphing calculator and
interpret this value as the rate of change of the density of plankton cells, in million cells per cubic meter per meter, at
a depth of 25 meters. In part (b) students were asked for the number of plankton cells (to the nearest million)
contained in the top 30 meters of a vertical column of water that has horizontal cross sections of constant area 3
square meters. A correct response should combine the density of the plankton, p(/) million cells per cubic meter,
and the cross-sectional area of the vertical column to obtain that the number of plankton cells changes at a rate of
3p(h) million cells per meter of depth. Thus the number of plankton cells (in millions) in the top 30 meters of the

30
column is the accumulation of this rate for 0 < 4 < 30, given by the integral Io 3p(h) dh. This integral should be
evaluated using a graphing calculator and rounded to the nearest integer. In part (c) a function u is introduced that

satisfies 0 < f(h) < u(h) for h > 30 and Ltu(h) dh =105. Given that the column of water in part (b) is K

meters deep, where K > 30, students were asked to write an expression involving one or more integrals that gives
the number of plankton cells, in millions, in the entire column, and to explain why the number of plankton cells in
the column is at most 2000 million. Using the idea from part (b), a correct response should realize the number of
plankton cells in the column is a definite integral of 3 times the density from # = 0 to 2 = K. Because K > 30,

and the density is given by f(/) at depths /# > 30, the number of plankton cells, in millions, in the entire column is
30 K
'[0 3p(h) dh + .[30 3f(h) dh. The first term was found in part (b); the second term can be bounded by

3105 = 315 using the given information about the functions f and u, together with properties of integrals.
Summing the answer from part (b) with the upper bound of 315 for the second term shows that the number of
plankton cells in the entire column of water is less than 2000 million. In part (d) the position of a research boat on
the sea’s surface is described parametrically by (x(¢), y(¢)) for # > 0, where x'(¢) = 662sin(5¢),

V'(¢) = 880cos(6¢), t is measured in hours, and x(¢) and y(¢) are measured in meters. Students were asked to

find the total distance traveled by the boat over the time interval 0 < ¢ < 1.
A correct response should find the total distance traveled by the boat as the integral of its speed,

\/(x’(t))2 +(y'(¢))*, across the time interval 0 < ¢ < 1 and evaluate this integral using a graphing calculator.

For part (a) see LO 2.3A/EK 2.3A1, LO 2.3D/EK 2.3D1. For part (b) see LO 3.3B(b)/EK 3.3B2, LO 3.4E/EK
3.4E1. For part (c) see LO 3.2C/EK 3.2C2, LO 3.2D (BC)/EK 3.2D2 (BC), LO 3.4E/EK 3.4E1. For part (d) see LO
3.3B(b)/EK 3.3B2, LO 3.4C/EK 3.4C2 (BC). This problem incorporates the following Mathematical Practices for
AP Calculus (MPACs): reasoning with definitions and theorems, connecting concepts, implementing
algebraic/computational processes, building notational fluency, and communicating.

Sample: 2A
Score: 9

The response earned all 9 points: 2 points in part (a), 2 points in part (b), 3 points in part (c), and 2 points in
part (d). In part (a) the response earned the first point for presenting —1.179. The response earned the second
point by addressing the value of 25 and identifying that the density is decreasing at a rate of 1.179 millions of

© 2018 The College Board.
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Question 2 (continued)

cells per cubic meter per meter. In part (b) the response earned the first point for presenting a definite integral
with the correct integrand. The response earned the second point for computing 1675. In part (c) the response
earned the first point for presenting the correct integral expression for the number of plankton cells, in millions, in

K
line 1. The response earned the second point for comparing 3J‘30 f(h)dh to 3I3O§u(h) dh. The response earned

the third point for the explanation with an upper bound of 1990. In part (d) the response earned the first point for
the integral setup for the distance traveled. The response earned the second point for the answer presented
accurately to three places after the decimal point.

Sample: 2B
Score: 6

The response earned 6 points: no points in part (a), 2 points in part (b), 2 points in part (c), and 2 points in part (d).
In part (a) the response presents —1.18, the answer to only two decimal places, and did not earn the first point.
Note that the symbolic expression for p'(4) is correct; the point would still be earned with the use of x instead of

h if the numerical answer were correct. The meaning presented does not express the concept of rate explicitly, so
the second point was not earned. In part (b) the response earned the first point for presenting a definite integral
with the correct integrand. The response earned the second point for computing 1,675. In part (¢) the response
earned the first point for presenting the correct integral expression for the number of plankton cells, in millions, in

line 1. The response earned the second point for “LO: f(h) dh is less than Lo;u(h) dh” in line 4. The bound of

105 does not address the factor of 3 that is needed for the second integral in line 4, so the third point was not
earned. In part (d) the response earned the first point for the integral setup for the distance traveled. Because the
first point in part (a) was not earned due to a decimal presentation error, the second point in part (d) was earned,
even though the answer of 757.46 is presented accurately to only 2 places after the decimal point. In any response,
no more than 1 point may be impacted by decimal presentation errors.

Sample: 2C
Score: 3

The response earned 3 points: 1 point in part (a), 1 point in part (b), no points in part (c), and 1 point in part (d). In
part (a) the response earned the first point for presenting —1.179. The meaning presents incorrect units, so the
second point was not earned. In part (b) the response earned the first point for presenting a definite integral with
the correct integrand. The response does not address the factor of 3 that is needed, so the second point was not
earned. In part (¢) the response presents an incorrect integral expression, so the first point was not earned. There is
no additional work, so neither of the last 2 points in part (¢) were earned. In part (d) the response earned the first
point for the integral setup for the distance traveled. The absolute values in the integrand are acceptable. Because
the integral is not evaluated, the second point was not earned.
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Question 3

@ f(=5)= 1)+ [ g(x)dc= £~ [ g(x)dx

3 (9-3 =3 (-12) 22
Ca-(ro- 2 =ao(-12) -2

(b) JTg(x) dx = fg(x) dx + L6g(x) dx

= ."132 dx + ."362(x - 4)2 dx

2 3778 16 ( 2)
_ £y /RPN L N U |
4+[3(x 4) L_3 + 3 3 0

(c) The graph of f is increasing and concave up on 0 < x < 1 and
4 < x <6 because f'(x)=g(x)>0 and f'(x) = g(x) is
increasing on those intervals.

(d) The graph of f has a point of inflection at x = 4 because

f'(x) = g(x) changes from decreasing to increasing at x = 4.

© 2018 The College Board.
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Graph of g

3. uThe graph of the continuous function g, the derivative of the function f, is shown above. The function g is

piecewise linear for —5 < x < 3, and g(x) = 2(x — 4)2 for3 < x < 6.

e T 118 -(1-2-9)473
F5=0/x) E5)=8+343
[()= j‘f g(é)cH: +3
§65) =L g(edde +3
J65)= - (i -$(HB-(3)(3))+2
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o o e 43
) 7 74 ' £2
fraTa 3( Mo ’(‘)Jx@ii\ =,

F ot b = (@)(2) + 5 24V
$obddwstls (36l |
§ohldn= 4+ (3(8) - 301)

1
|
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(c) For —5 < x < 6, 0on what open intervals, if any, is the graph of f both increasing and concave up? Give a
reason for your answer.
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(d) Find the x-coordinate of each point of inflection of the graph of f. Give a reason for your answer. A

{’\ \ﬂas 0 pofn'} mc imCLe,c,Jr;m cﬂ X= Ll Since, t(r‘\CXL“ 5(7(\ oma!
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3. The graph of the continuous function g, the derivative ®f the function f, is shown above. The function g is
piecewise linear for —5 < x < 3, and g(x) = 2(x — 4)2 for 3 <x<6.

| AR S
(@) If f(1) = 3, what is the value of f(-5) ? G s A > %
2 ¥

LoaGdax = F(D-£(9)
$-9) = 3~ Jso0adx
B SO 00 0O
Tk i e 3 W

= %—K%+% = ‘bﬁ'x%l = 2‘5-.

6
(b) Evaluate I

. g(x) dx.

S?@(.x)éx = 3&5})" S: (5(%) A><
T AT A 5
=4+ Ju'dn
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(c) For —5 < x < 6, on what open intervals, if any, is the graph of f both increasing and concave up? Give a
reason for your answer. +' i Fog .{ﬂ P 05

F 15 Incrasiny wren ‘F‘("\): %(X) 1 Psz‘uvc
£ 15 Concave wp when D) =glx) 15 inneasmy
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(d) Find the x-coordinate of each point of inflection of the graph of f. Give a reason for your answer. a
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3. The graph of the continuous function g, the derivative of the function f, is shown above. The function g is
piecewise linear for =35 < x < 3, and g(x) = 2(x — 4)2 for 3<x<6.

(a) If (1) = 3, whatis the vaiue of f(—5) ? N CARE 5 C\g\

2z
SO T 20 =)

20~ = :_\\5

—_—

3

= (—f\ = ?-L’i- )

(b) Evaluate LG g(x) dx.

LQ ) dw

L
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(c) bFor —S < x < 6, on what open intervals, if any, is the graph of f both increasing and concave up? Give a
reason for your answer.
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(d) Find the x-coordinate of each point of inflection of the graph of f. Give a reason for your answer.
nere (s g point of ynflection
%iH b2 coudt the slope of §

changes Srom daCY'ﬁ‘as'\ha Yo ner€osing

) (+)

ot

Unautnorized copying or reuse of -15- GO ON TO THE NEXT PAGE.
anv nart of this oaoe is liiegal.

© 2018 The College Board.
Visit the College Board on the Web: www.collegeboard.org.



2018 SCORING COMMENTARY

Question 3

Overview

In this problem the graph of the continuous function g is provided; g is piecewise linear for —5 < x < 3, and

g(x)=2(x- 4)? for 3 < x < 6. Itis also given that g is the derivative of the function f. In part (a) students were
given that /(1) = 3 and asked for the value of f(—5). A correct response should demonstrate knowledge that 1 is

-5 -5
an antiderivative of g, so that f(-=5) = f(1) + L g(x) dx. The integral '[1 g(x) dx should then be evaluated
using properties of definite integrals and computation of areas of the regions between the graph of g and the x-axis

6
using geometry. In part (b) students were asked to evaluate L g(x) dx. A correct response should use the property

of integrals to split the interval of integration into the sum of integrals across adjacent intervals [1, 3] and [3, 6].
One of the resulting integrals can be computed using geometry and the other using an antiderivative of

g(x)=2(x - 4)2 on the interval 3 < x < 6. In part (c) students were asked for the open intervalson -5 < x < 6
where the graph of f is both increasing and concave up and to give a reason for their answer. A correct response
should demonstrate the connection between properties of the derivative of f and the properties of monotonicity and
concavity for the graph of f. The graph of fis strictly increasing where g = f” is positive, and the graph of g is
concave up where the graph of g = /" is increasing. In part (d) students were asked for the x-coordinate of each

point of inflection of the graph of f and to give a reason for their answer. A correct response should convey that a
point of inflection of the graph of f occurs at a point where the derivative of f changes from increasing to
decreasing, or from decreasing to increasing. This can be obtained from the supplied graph of g = f’, which

changes from decreasing to increasing at x = 4.

For part (a) see LO 3.2C/EK 3.2C1, LO 3.2C/EK 3.2C2. For part (b) see LO 3.2C/EK 3.2C1, LO 3.2C/EK 3.2C2,
LO 3.3B(b)/EK 3.3B2, LO 3.3B(b)/EK 3.3BS5. For parts (¢) and (d), see LO 2.2A/EK 2.2A1. This problem
incorporates the following Mathematical Practices for AP Calculus (MPACs): reasoning with definitions and
theorems, connecting concepts, implementing algebraic/computational processes, connecting multiple
representations, building notational fluency, and communicating.

Sample: 3A
Score: 9
The response earned all 9 points: 2 points in part (a), 3 points in part (b), 2 points in part (c), and 2 points in
1
part (d). In part (a) the response earned the first point with the expression —I S g(#) dt inline 3 on the left. The
second point would have been earned by the numerical expression in line 4 with no simplification. In this case,

correct simplification to 11 + % earned the second point. In part (b) the response earned the first point with the

sum of the two integrals in line 1 on the left. The second point was earned with the antiderivative expression

(%(x - 4)3) in line 3. The second point would have been earned by the numerical expression in line 4 with no

simplification. In this case, correct simplification to 10 earned the third point. In part (c) the union of intervals
“(0,1) U (4, 6)” earned the first point. The second point was earned with the reason f'(x) = g(x), “g is

positive,” and “g is increasing on that interval.” In part (d) the first point was earned by identifying the
x-coordinate of a point of inflection at x = 4. The second point was earned with the reason f"(x) = g(x) and

“g switches from decreasing to increasing at x = 4.”
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Question 3 (continued)

Sample: 3B
Score: 6

The response earned 6 points: 2 points in part (a), no points in part (b), 2 points in part (c), and 2 points in part (d).
1

In part (a) the response earned the first point with the expression I S g(x) dx inline 1. The second point would

have been earned by the numerical expression in line 3 with no simplification. In this case, correct simplification

6
to 2—25 earned the second point. In part (b) the integral expression 3(3) + L 2(x) dx in line 1 did not earn the first

3 6
point because .[1 g(x) dx = 4, not 9. This response used substitution of variables to write L 2(x —4)* dx inan

equivalent form. The antiderivative in line 4 is incorrect, and the response did not earn the second point. As a
result of this error, the response is not eligible for the answer point. In part (c) the union of intervals

“(0,1) U (4, 6)” earned the first point. The second point was earned with the reason “ f'(x) = g(x) is positive”
in line 1 and “ f'(x) = g(x) is increasing” in line 2. In part (d) the first point was earned by identifying the
x-coordinate of a point of inflection at x = 4. The second point was earned with the reason “ f'(x) = g(x) hasa
maximum or minimum (local).”

Sample: 3C
Score: 3

The response earned 3 points: no points in part (a), 1 point in part (b), 1 point in part (c), and 1 point in part (d). In
part (a) an integral expression is not presented nor is its numerical equivalent, so the first point was not earned.
The value given for f(—5) is incorrect, so the second point was not earned. In part (b) the response did not earn

6
the first point because '[1 g(x) dx is not written as the sum of two integrals or the equivalent. The second point

was earned with the antiderivative expression in line 2. Because the second point was earned, the response is
eligible for the third point. The answer is incorrect, however, so the third point was not earned. In part (c) the first
point was earned with the intervals “0 < x < 1 and 4 < x < 6.” Although “ /" is above the x-axis” is a valid
reason for why £ is increasing on those intervals, f” “has an increasing slope” is not a valid reason to explain
why the graph of f is concave up on those intervals. The second point was not earned. In part (d) the first point
was earned by identifying the x-coordinate of a point of inflection at x = 4. “The slope of f’ changes from
decreasing to increasing” is not a valid reason to explain why the graph of f has a point of inflection at x = 4, so
the second point was not earned.
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Question 4

(a) H'(6)~ H(T)-H(5) _11-6 _5

7-5 2 2

H'(6) is the rate at which the height of the tree is changing, in meters
per year, at time ¢ = 6 years.

v 2O HE) 622,

Because H is differentiable on 3 <t <5, H is continuouson 3 <¢ < 5.

By the Mean Value Theorem, there exists a value ¢, 3 < ¢ < 5, such that
H'(c) = 2.

(c) The average height of the tree over the time interval 2 < ¢ <10 is given

1 10
by = 2I2 H(t)dt.

1 10 1(15+2 . . 2+6 . 6+11 . 11+15
§J-2H(t)dt~§( gl S 2 22— -3)
1 263
= g(63.75) = 2=

The average height of the tree over the time interval 2 <7 <10 is

263
—— meters.

32

(d) G(x)=50 = x=1

d d & (1+2)100-100x1 dx 100 dr
E(G(x)) B dx(G(x)) dt (1+x) dr (1+x)° dt

4Gyl =19 _903=3
di -

(1+1)? 4

According to the model, the rate of change of the height of the tree with

respect to time when the tree is 50 meters tall is % meter per year.

© 2018 The College Board.
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1 : answer
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4. The height of a tree at time ¢ is given by a twice-differentiable function H, where H(t) is measured in meters
and r is measured in years. Selected values of H(t) are given in the table above.

(a) Use the data in the table to estimate H’(6). Using correct units, interpret the meaning of H’(6) in the
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context of the problem.

(b) Explain why there must be at least one time ¢, for 2 < 7 < 10, such that H’(¢) = 2. )\4 jn bl{
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NO CALCULATOR ALLOWED

(c) Use a trapezoidal sum with the four subintervals indicated by the data in the table to approximate the
average height of the tree over the time interval 2 < ¢ < 10.

To*b.\\,\u%)/\‘ri J_;_( { (\.§+1\)+'L(1+6\+2(6+(\3«-
2 (0+1SY )

B e T e e e

—

M\»&'\C’)\"k% \ Aokl = -\-%— x—\i ( 1.3* ZC%B*-LUm

\Oy Ty W

MRS X

: . s o sy 100x
(d) The height of the tree, in meters, can also be modeled by the function G, given by G(x) = 1— , Where -
i ' ) ‘ , . +x
x is the diameter of the base of the tree, in meters. When the tree is 50 meters tall, the diameter of the
base of the tree is increasing at a rate of 0.03 meter per year. According. to this model, what is the rate of

change of the height of the tree with respect to time, in meters per year, at the time when the tree is

{ OCOx

= X e
e (7(_ x)=S0 '%e-— 0.07% /oé’

. S 1 e
(p((’ﬂ: (co %\CHX\ - C"’;/"e\ 0O X

50 meters tall?

(QCX\ =

o x 0.0% ()= 002x\00
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|
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4. The height of a tree at time ¢ is given by a twice-differentiable function H, where H(r) is measured in meters
and ¢ is measured in years. Selected values of H(t) are given in the table above.

(a) Use the data in the table to estimate H’(6). Using correct units, interpret the meaning of H’(6) in the
context of the problem.

H'(6) -

A i) NG [Bren,, ]
B 2 a :

H(6) 15 +he vate Mat e hre s c(]fvww\.%)‘m NEAHAT Per
Utowr, ot += ( Years.

.

(b) Explain why there must be at least one time r, for 2 < t < 10, such that #’(¢) = 2.
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(c) Use a trapezoidal sum with the four subintervals indicated by the data in the table to approximate the
average height of the tree over the time interval 2 < ¢ < 10.

") \ - ' 1+ i
(P22 + () ¢ (2 [(EFM (57

|6 34. . 78
3;:2 +r 2 ™5 s
2 . T, )
3 1.5 it J
; . . . 100x
(d) The height of the tree, in meters, can also be modeled by the function G, given by G(x) = R where

x is the diameter of the base of the tree, in meters. When the tree is SO meters tall, the diameter of the
base of the tree is increasing at a rate of 0.03 meter per year. According to this model, what is the rate of

change of the height of the tree with respect to time, in meters per year, at the time when the tree is

50 meters tall? 5D - _\_‘29..).(_
d6 (\+ wz‘r(%o&)a:E (\ooy\(%’ﬂ v+ X
T 3 S0 1+ W=\
(1) { 0 O¥%
+50oY = d
(V40 (oo (2.0~ (1oo03)0.03) Cp= 50y
T Ci+ oY % =\
VBV -3 - L .
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4. The height of a tree at time ¢ is given by a twice-differentiable function H, where H(t) is measured in meters
and 1 is measured in years. Selected values of {{(z) are given in the table above.

(a) Use the data in the table to estimate H’(6). Using correct units, interpret the meaning of /’(6) in the

)

v\\\%\) \S \:\(\& C(s\(e., n W\\z\u;(, " w\\\,;\,\ e \\QA%%\‘ G'F

context of the probiem.

\\\k‘%\; W - WY - W -6

et I ———

-5 S

il

L
d

o T AnneOBRg

(b) Explain why there must be at least one time 1, for 2 < ¢ < 10, such that &'(1) = 2.

T\\U\ cnoh b one \'Mw.,'f Cmc BE.A L»\O ’\‘\N*\ k‘\\“>:2
\D\(, “K%) 'S Codinu o’ Uf}\valfgﬁf‘@‘\\‘db\g
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(c¢) Use a trapezoidal sum with the four subintervals indicated by the data in the table to approximate the
average height of the tree over the time interval 2 < ¢ < 10.

U (s +2) « Yol 2ee) e )2« h(nes)3

- Ei*% + 177+ DY
e

I T R .
. 7 2. 2. 4
- (\3s
=

100x
+Xx

(d) The height of the tree, in meters, can also be modeled by the function G, given by G(x) = , where
x is the diameter of the base of the tree, in meters. When the tree is SO meters tall, the diameter of the
base of the tree is increasing at arate of 0.03 meter per year. According to this model, what is the rate of

change of the height of the tree with respect to time, in meters per year, at the time when the tree is

50 melters tall? T -

2
Bz bk 4 T AN
A= dh T\(Q\{Sz

Box \ 5
=R )l )

L% -

(1exyf00y = 107
(\*x\m
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Question 4
Overview

The context of this problem is a tree, the height of which at time ¢ is given by a twice-differentiable function H,
where H(¢) is measured in meters and ¢ is measured in years. Selected values of H(t) are provided in a table. In
part (a) students were asked to use the tabular data to estimate H'(6) and then to interpret the meaning of H'(6),
using correct units, in the context of the problem. The correct response should estimate the derivative value using a
difference quotient, drawing from data in the table that most tightly bounds ¢ = 6. In part (b) students were asked to
explain why there must be at least one time ¢, for 2 < ¢ < 10, such that H'(¢) = 2. A correct response should
demonstrate that the Mean Value Theorem applies to H on the interval [3, 5], over which the average rate of
6—2
2
the four subintervals indicated by the data in the table to approximate the average height of the tree over the time
interval 2 < ¢ <10. A correct response should demonstrate that the average height of the tree for 2 < ¢ <10 is
given by dividing the definite integral of H across the interval by the width of the interval. The value of the integral

change of H (using data from the table) is = 2. In part (c) students were asked to use a trapezoidal sum with

10
I ) H(t) dt is to be approximated using a trapezoidal sum and data in the table. In part (d) students were given

}(i—oz, where x is the diameter of the base of the tree, in
meters. It is further given that when the tree is 50 meters tall, it is growing so that the diameter at the base of the tree
is increasing at the rate of 0.03 meter per year. Using this model, students were asked to find the rate of change of
the height of the tree with respect to time, in meters per year, at the time when the tree is 50 meters tall. A correct
dG _ dG dx
dt — dx dt

another model for the tree’s height, in meters, G(x) =

. The derivative expression 4G can be obtained

response should apply the chain rule to obtain that I

from the given expression for G(x) using derivative rules (e.g., the quotient rule) and the value of % at the instant

in question provided in the problem statement.

For part (a) see LO 2.1B/EK 2.1B1, LO 2.3A/EK 2.3A1, LO 2.3A/EK 2.3A2. For part (b) see LO 2.4A/EK 2.4A1.
For part (c) see LO 3.2B/EK 3.2B2, LO 3.4B/EK 3.4BI1. For part (d) see LO 2.1C/EK 2.1C3, LO 2.1C/EK 2.1C4,
LO 2.3C/EK 2.3C2. This problem incorporates the following Mathematical Practices for AP Calculus (MPACs):
reasoning with definitions and theorems, connecting concepts, implementing algebraic/computational processes,
connecting multiple representations, building notational fluency, and communicating.

Sample: 4A
Score: 9

The response earned all 9 points: 2 points in part (a), 2 points in part (b), 2 points in part (c), and 3 points in

(11-6)
(7-5)

part (d). In part (a) the response would have earned the first point for with no simplification. In this case,

correct simplification to % earned the point. Although not required for the first point, the answer includes the

correct units of “meters/years” which is considered for the second point. The response earned the second point for
the interpretation that includes the three necessary elements: an interpretation of H' as a rate in the context of the
tree, correct units of meters per year, and an interpretation of the input “6” as the moment in time of ¢ = 6 years.
H(5) - HQ)
(5-3)

first point does not require the substitution of function values and simplification that follows; this work is

In part (b) the response earned the first point for the difference quotient that appears in line 4. The

© 2018 The College Board.
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Question 4 (continued)

considered in the context of the second point. The response earned the second point for the explanation using the
Mean Value Theorem (MVT) and the difference quotient on the interval [3, 5]. The response explicitly states in
line 1 that H(¢) is continuous which is necessary to earn the point. The units displayed are correct but not
required to earn either the first or second points. In part (c¢) the response earned the first point for the trapezoidal
sum labeled “Total height” with no simplification. The response earned the second point with the boxed answer

with no simplification. Note that both points were earned in part (c¢) without simplification of numerical answers.
The units given with the average height are correct but not required to earn the second point. In part (d) the

100—(l+) ( )100
. The use of

response earned the first 2 points with the correct derivative in line 2: ( )
1+ x

G'(x) rather than dd—? notation does not impact the points earned. The response would have earned the third
100 x 0.03(2) — 0.03 x 100
4
third point. The response includes correct units that are not required to earn the third point.

with no simplification. In this case, correct simplification to 3 earned the

point for )

Sample: 4B
Score: 6

The response earned 6 points: 2 points in part (a), no points in part (b), 1 point in part (¢), and 3 points in part (d).

6 with no simplification. In this case, correct

In part (a) the response would have earned the first point for 1 2_

simplification to % earned the point. Although not required for the first point, the answer includes the correct

units of meters/year which is considered for the second point. The response earned the second point for the
interpretation that includes the three necessary elements: an interpretation of H' as a rate in the context of the
tree, correct units of meters per year, and an interpretation of the input “6” as the moment in time of ¢ = 6 years.
In part (b) the response did not earn the first point because the difference quotient does not use the interval [3, 5]

that results in a secant slope of 2. The response did not earn the second point because, although the Mean Value
Theorem (MVT) is cited along with the continuity of H, there is no explanation connecting the Mean Value
Theorem to the values of H(¢) in the table. In part (c) the response earned the first point for the trapezoidal sum

in line 1 with no simplification. The arithmetic and simplification that follow are considered for the second point.
The second point was not earned because the sum is not multiplied by % to find the average height of the tree on

the interval [2, 10]. In part (d) the response earned the first 2 points with the correct derivative in line 1 on the

o x)(lOO ) (100x )( t)
dr (1+ x)
(1+10000.03)) - 100(D)(0.03
1+ 1)

left: . The response would have earned the third point for

in line 2 on the left with no simplification. In this case, correct simplification

to % earned the third point. The response includes correct units that are not required to earn the third point.
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Question 4 (continued)

Sample: 4C
Score: 3

The response earned 3 points: 1 point in part (a), no points in part (b), 1 point in part (c), and 1 point in part (d). In

6 with no simplification. In this case, correct

part (a) the response would have earned the first point for 171 —

simplification to % earned the point. The response did not earn the second point because the interpretation of

H'(6) does not include an interpretation of the input “6” as the moment in time of # = 6 years. In part (b) the
response did not earn the first point because no difference quotient is given. The response is not eligible for the
second point because the explanation given does not reference the interval [3, 5] that results in the secant slope of
2. Although the hypotheses of the Mean Value Theorem are stated, the conclusion is not. In part (c) the response
earned the first point for the trapezoidal sum in line 1 with no simplification. The arithmetic and simplification
that follow are considered for the second point. The response did not earn the second point. There is an arithmetic

error in line 3, and the sum is not multiplied by % to find the average height of the tree on the interval [2, 10]. In

part (d) the response earned 1 of the first 2 points for the correct derivative of G with respect to x in line 2 on the
right. Because the derivative does not include the chain rule, the response is not eligible for additional points in
part (d).
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Question 5
57/3 1 : constant and limits
a) Area = — — 2 3:
() Area 2-|.7r/ ( (3+2cos ) ) 2 : integrand
dr . d dy dr
a_ & =2 2L
(b) 70 sinf = d;’g:”/z 1 10 dgsm0+rcos0
dx _dr
r(%)=3+2cos(%)=3 or 5= decosH—rsm@
3: 0 0
. Ny & desm + rcos
y=rsinf = dg jesmHJrrcosH Tdx j;cosﬁ—rsmﬁ
dx _ dr .
= RS - 1 : answer
X =rcosf = 10 dHcosH rsin 6
Vs
dy _ dy/do _ 2s1n(2)+3cos(?) 2
Al 9=z/2 dx/d6 0=r/2 —2cos(£)—3sin(£) 3
2 2
The slope of the line tangent to the graph of » =3 + 2cos &
_Z 2
at 0 = > 83
_ OR —
. . dy
y=rsinf =(3+2cosf)sinf = @ = 3c0s 6 + 2cos” @ — 2sin 6
x=rcosf =(3+2cosf)cosb = % = —3sin € — 4sin 6 cos &
z 27 _osin?E
dy :dy/dﬁ :3cos(2)+2cos (2) 2s1n(2):z
dx|p_,n dx/dO|,_ ./, e (7[) ( ) (7[) 3
/ / 3sin 5 4sin > ) cos| 5
The slope of the line tangent to the graph of » = 3 + 2cos 8
_T 2
at 0 = > is 3
dr _dr db . do do _ dr 1 dr _dr db
© G =ag @ = = T a T dt ~ do dt
3:49,.49 de _ dr 1
“dt  dr 2sin@
a9 =3. I -3 —J/3 radians per second .
dt |9-r/3 —2sin( ) -3 1 : answer with units
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5. GT'he graphs of the polar curves r = 4 and r = 3 + 2cos 6 are shown in the figure above. The curves intersect

at9=£and9= S—E
3 3
(a) Geet R be the shaded region that is inside the graph of » = 4 and also outside the graph of r = 3 + 2 cos 6,

as shown in the figure above. Write an expression involving an integral for the area of R.

Swf3 2
K = ;;LLS(L(q)‘ ~ (3v20sle)) Jd@
ﬂ,3
Sy 0
L - (3racest)jab
R =aliv-0 )]
A\
A
e el i e -]8- Continue question 5 on page 19.
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(b) Find the slope of the line tangent to the graph of »r =3 + 2cos 6 at 6 =

N

C = 2:+Quos O
o (g+&_w \9)ce 9

%:(%ﬁ-&_w&e‘wg““ ©

£
“'&3\“{.\9 v 2038 +& o3 G

gy&w%e‘} %? =-:’:)—::’(9 osO = 2O '__ag\-\,\®oo@

aY _ —&g'*megir\@) + 30

e

%

rs B < & (" 2ax=A %) f\\_ o

0% - [asmBosso) ~SNE(HALes 5
ae SRR sy o 9
ISR s -
—axo) -3 2 5 -

: d =
& | 5

1 - T ; :
(c) A particle moves along the portion of the curve r = 3 + 2cos 8 for 0 < 8 < e~ The particle moves in
such a way that the distance between the particle and the origin increases at a constant rate of 3 units per
sccond. Find the rate at which the angle 8 changes with respect to time at the instant when the position

. z ' .
of the particle corresponds to 8 = —. Indicate units of measure.

3 1
dy _ 59 | 3
\
d9 r
2= -3sinE5Fr _I_}_
_a &
% =N S d_?
A~ T T
TF -3 o -3 r
3 . = 7 =AY b = -3 rodians 9
SinE e & BE S _geconeh
—j T —
R o -19- GO ON TO THE NEXT PAGE.
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5. The graphs of the polar curves r =4 and r = 3 + 2cos 6 are shown in the figure above. The curves intersect

: 5
at9=§~and9=—§£.

(a) Let R be the shaded région that is inside the graph of » = 4 and also outside the graph of r = 3 + 2cos 6,
as shown in the figure above. Write an expression involving an integral for the area of R.

%)
3
—

—
L/f\' :

Els

Unauthorized copying or reuse of
any part of this page Is illegal.
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Continue question 5 on page 19.
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(b) Find the slope of the line tangent to the graph of r =3 +2cos 6 at 6 =

Y=Y S = 3einbH{7 ansbleid
= Y06 9 2 BCOS,@""" L{Q‘;@

o+ LosD-Ts 0| Q*Q-:_[;

Mla

PRI A reseg

i.
c:ly' 7)‘5\“@ D\ﬁ@&é 3%06 %:ﬁ ~'73 — (:)

2

(c) A particle moves along the portion of the curve r = 3 +2cos 6 for 0 < 6 < g The particle moves in
such a way that the distance between the particle and the origin increases at a constant rate of 3 units per
second. Find the rate at which the angle 8 changes with respect to time at the instant when the position
of the particle corresponds to 6 = % Indicate units of measure.

&;-__7:4 :7) . fkﬁ ’G;T%s \(:L%
R

ol = 27 2\ ]
"s;QC. X C‘f—
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5. The graphs of the polar curves r = 4 and r = 3 + 2 cos 0 are shown in the figure above. The curves intersect

S
atB:%andt?:T”.

(a) Let R be the shaded region that is inside the graph of » = 4 and also outside the graph of r =3 +2cos 6,
as shown in the figure above. Write an expression involving an integral for the area of R.

e o
T g - Gw®) 40
ig}g (u L €0y ¢

Unauthorized copying or reuse of -18- Continue question 5 on page 19.
any part of this page Is lllegatl.
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(b) Find the slope of the line tangent to the graph of r =3 + 2cos 6 at 6 =

e gl a
06_-1§w\7 b

T

e —

-

. . n . :
(c) A particle moves along the portion of the curve r =3 +2cos 6 for 0 < 6 < = The particle moves in
such a way that the distance between the particle and the origin increases at a constant rate of 3 units per
second. Find the rate at which the angle 6 changes with respect to time at the instant when the position

. n . .
of the particle corresponds to 8 = 3 Indicate units of measure.

o il—‘:": ~1§[A@&
% =3 ap = TR

W=

:-\53 Tod /se]/

B m——
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Question 5
Overview

In this problem a polar graph is provided for polar curves » = 4 and r = 3 + 2cos 6. It was given that the curves

intersect at @ = = an = ——. In part (a) students were asked for an integral expression that gives the area of the
tersectat 0 = Z and 0 53”1prt tudent ked fi gral exp hat gives th fth

region R that is inside the graph of » = 4 and outside the graph of » = 3 + 2cos 6. A correct response should
resource the formula for the area of a simple polar region as half of a definite integral of the square of the radius

1 ¢57/3 5 1 ¢57/3 P 1 5723, 5 P
S ! dea—zjﬂ/3 (3 + 2cos 0) d9—§I”/3 (47 = (3+ 205 0)° ) do.

function. The area of R is given by 7).
T

In part (b) students were asked for the slope of the line tangent to the graph of » = 3 + 2cos @ at 6 = % A correct

response should deal with the conversion between polar and rectangular coordinate systems given by y = rsin 6
and x = rcos 0, differentiate these with respect to & using the product rule, and find the slope of the line tangent to

Q_dy/dé’ T
the graph as the value of ax " dx[do at 6 = 3

. In part (c) the motion of a particle along the portion of the curve

z
2
rate of 3 units per second. Students were asked for the rate at which the angle @ changes with respect to time at the

r=3+2cos @ for 0 < @ <= is such that the distance between the particle and the origin increases at a constant

instant when the position of the particle corresponds to 8 = % and to indicate units of measure. A correct response

should use the chain rule to relate the rates of » and € with respect to time ¢: dr _ —2sin @ - ﬁ Recognizing that

dt dt
% = 3 from the problem statement, it follows that a9 = —/3 radians per second.

dt 0=x/3

For part (a) see LO 3.4D/EK 3.4D1 (BC). For part (b) see LO 2.1C/EK 2.1C7 (BC), LO 2.2A/EK 2.2A4 (BC), LO
2.3B/EK 2.3B1. For part (c) see LO 2.1C/EK 2.1C7 (BC), LO 2.2A/EK 2.2A4 (BC), LO 2.3C/EK 2.3C2. This
problem incorporates the following Mathematical Practices for AP Calculus (MPACs): reasoning with definitions
and theorems, connecting concepts, implementing algebraic/computational processes, connecting multiple
representations, building notational fluency, and communicating.

Sample: 5A
Score: 9

The response earned all 9 points: 3 points in part (a), 3 points in part (b), and 3 points in part (c). In part (a) the

% and the limits of integration of % and ST” in line 1. The

response would have earned the 2 integrand points with [(4)2 -3+ 200s(¢9))2] in line 1 with no

response earned the first point with the constant of

simplification. In this case, the correct simplification in line 2 earned the points. In part (b) the response earned

D

the first point for one of the following: % is computed in line 5 on the left, and 10

is computed in line 4 on the

left. The response earned the second point with the assembly of %
-2(1)+0+0

-2(1)(0)-3(1)-0

in line 1 on the right. The response would

have earned the third point with the expression

on the right with no simplification. In this
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Question 5 (continued)

case, the correct simplification to 2 earned the point. In part (c) the response earned the first point for application

3
of the chain rule with % = —2sin 6%‘? in line 1. Although the response substitutes 3 for % and % for 6
3
before isolating %‘tg’ the equation 27[ = % in the last line on the left earned the second point. The response
sin—-

3
earned the third point with —/3 radians per second in the last line on the right.

Sample: 5B
Score: 6

The response earned 6 points: 1 point in part (a), 3 points in part (b), and 2 points in part (c). In part (a) the

response earned the first point with the constant of % and the limits of integration of % and ST” in line 1. The

response did not earn either of the integrand points because the integrand is incorrect. In part (b) the response
dy dx

earned the first point for one of the following: — is computed in the numerator of line 3, and 70

10 is computed

in the denominator of line 3. The response earned the second point with the assembly of % in line 3. The

-2

3.0 in line 3 with no simplification. In this

response would have earned the third point with the expression

case, the correct simplification to % earned the point. In part (c) the response earned the first point for application

of the chain rule with % = —2sin 962—;9 in line 2. The response earned the second point because although sin %
is incorrectly evaluated as % in line 3, % is isolated correctly with a consistent result in the equation % =-3

in the last line. The response did not earn the third point because the evaluation of sin % as % makes the

response not eligible for the third point. The units are correct.

Sample: 5C
Score: 3

The response earned 3 points: 1 point in part (a), no points in part (b), and 2 points in part (c). In part (a) the
% and the limits of integration of % and ST” The response

did not earn either of the integrand points because the integrand is incorrect. In part (b) the response did not earn

x nor L2
deo do

response is not eligible for the second and third points. In part (c) the response earned the first point for

response earned the first point with the constant of

any points. The response did not earn the first point because neither is presented. Therefore, the

application of the chain rule with dr _ —2sin 6 a0 in line 1 on the right. Although the response substitutes 3 for

dt dt
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Question 5 (continued)

dr b3 : . do .do 3 . .. . .
ar and 3 for & before isolating e the equation a - A in line 4 on the right earned the second point.

The response did not earn the third point because the answer is incorrect. The units are correct.
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Question 6
2 3 4 3 1 : first four t
(a) The first four nonzero terms are X o x X X 2: 1St fourterms
3 2.32 3.3 4.34 1 : general term
| xn+1
The general term is (-1)"" ——.
n-3"
(_1)n+2 xn+2
n+1)(3""! _
(b) lim ( nzg n+l) = lim | =~ Ll‘ = % 1 : sets up ratio
e (_I)—X e (n+1) 1 : computes limit of ratio
n
n-3 5. 1 : radius of convergence
‘ Xl <1 for Ix| <3 1: cons1d.ers bot.h endpoints
3 1 : analysis and interval of
Therefore, the radius of convergence of the Maclaurin series for fis 3. convergence
—OR — __ OR_—
The radius of convergence of the Maclaurin series for In(1+ x) is 1, 1 radius for In(1 + x) series
. X X
so the series for f(x) = xln(l + ?) converges absolutely for 3 <1. 1 - substitutes %
XYl > x| <3 5. ¢ 1 :radius of convergence
1 : considers both endpoints
Therefore, the radius of convergence of the Maclaurin series for 1 is 3. 1 - analysis and interval of
o (-3)" Hm convergence
When x = -3, the series is Z(—l)”“—n = Z—, which
n=l1 n-3 n=l1 n
diverges by comparison to the harmonic series.
< P33 13
When x = 3, the series is Z:(—l)"Jr —_—= Z:(—l)wr =, which
n=1 n-3" n=1 n
converges by the alternating series test.
The interval of convergence of the Maclaurin series for f is
-3 <x <3,
(c) By the alternating series error bound, an upper bound for 1 : uses fifth-degree term
|P,(2) = f(2)] is the magnitude of the next term of the alternating 2: as error bound
series. 1 : answer
2’ 8
P(2)- f(2)| < |- =—
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6. The Maclaurin series for In(1 + x) is given by
. .n
s _1 R+lx_+ Yo .
(-1

On its interval of convergence, this series converges to In(1 + x). Let f be the function defined by
flx) = xln(l + %)

(a) Write the first four nonzero terms and the general term of the Maclaurin series for fi

Hye 5 - x(ﬂ 4 v

- 4 b
1 comm— ;‘\_ r’-‘_ \\ A
* 4 27 L - 3 +(-) !
—~ — — -—-—- o= L1 L
! : Ax\
m —‘,\'3 "N \{\s‘ [ f\')\ ’73
~— /:. '5 N
~ 3 a1 BT AR ~
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(b) Determine the interval of convergence of the Maclaurin series for f. Show the work that leads to your

answer.
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(c) Let By(x) be the fourth-degree Taylor polynomial for f about x= 04 Use the alternating series error

~ bound to find an upper bound for | &4(2) — £(2)|.
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6. The Maclaurin series for lh(l +x) is given by
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On its interval of convergence, this series convergesito In (1 + x). Let f be the function defined by

f(x) =‘xln‘<1 + %)
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(b) Determine the interval of convergence of the Maclaurin series for f. Show the work that leads to your
answer. ' g
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(c) Let By(x) be the fourth-degree Taylor polynomial for f about x = 0. Use the alternating series errar
bound to find an upper bound for |&(2) f2)|
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6. The Maclaurin series for In(1 + x) is given by
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On its interval of convergence, this series converges to In(1 + x). Let £ be the function defined by
flx)= xln(l + %)

(a) Write the first four nonzero terms and the general term of the Maclaurin series for f. H
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(b) Determine the interval of convergence of the Maclaurin series for f. Show the work that leads to your
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(c) Let B(x) be the fourth-degree Taylor polynomial for f about x = Q. Use the alternating series error

i)l

bound to ﬁnd an uppcr bound for | 2,(2)
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AP® CALCULUS BC
2018 SCORING COMMENTARY

Question 6
Overview

In this problem the first four nonzero terms and the general term of the Maclaurin series for In(1 + x) are given, and

the function f is defined by f(x) = xIn (1 + %) In part (a) students were asked for the first four nonzero terms and

x
3
the series for In(1 + x), multiply the resulting terms by x, and expand so that each term is a constant multiple of a

the general term of the Maclaurin series for f. A correct response should substitute = for x in the supplied terms of

power of x. The general term should also be included. In part (b) students were asked to determine the interval of
convergence of the Maclaurin series for f* with supporting work for their answer. A correct response should
demonstrate the use of the ratio test to determine the radius of convergence of the series and, then, a test of the
endpoints of the interval of convergence to determine which endpoints, if any, are to be included in the interval of
convergence. In part (¢) students were asked to use the alternating series error bound to find an upper bound for
|P,(2) = f(2)|, where P,(x) is the fourth-degree Taylor polynomial for f about x = 0. A correct response should

indicate that the alternating series error bound bounds | P,(2) — f(2)| by the magnitude of the next term in the
alternating series formed by evaluating the Taylor series for f about x = 0 at x = 2.

For part (a) see LO 4.2B/EK 4.2B5. For part (b) see LO 4.1A/EK 4.1A3, LO 4.1A/EK 4.1A6, LO 4.2C/EK 4.2C2.
For part (c) see LO 4.2A/EK 4.2A5. This problem incorporates the following Mathematical Practices for AP
Calculus (MPACs): reasoning with definitions and theorems, connecting concepts, implementing
algebraic/computational processes, building notational fluency, and communicating.

Sample: 6A
Score: 9

The response earned all 9 points: 2 points in part (a), 5 points in part (b), and 2 points in part (c). In part (a) the
response would have earned the first point in line 2 for the first four nonzero terms of the Maclaurin series for f
with no simplification. In this case, the simplification is correct, and the point was earned in line 3. The response
would have earned the second point in line 2 with the general term of the Maclaurin series for f with no
simplification. In this case, the simplification is correct, and the point was earned in line 3. In part (b) the response
earned the first point with the ratio in line 1 on the left. The response earned the second point in line 4 on the left

. X
with ‘§

. The response earned the third point in line 7 on the left with —3 < x < 3. The response earned the

fourth point with the work on the right by substituting the endpoints x = 3 and x = -3 into the general term of
the Maclaurin series for f. The response earned the fifth point for the work on the right with the analysis — for
x = 3 stating “alternating harmonic ... converges conditionally” and for x = —3 stating “harmonic .. diverges”
— and the interval of convergence in the last line on the right. In part (c) the response earned the first point in
line 1 on the right with use of the fifth-degree term. The response earned the second point by substituting 2 for x
in the fifth-degree term and taking an absolute value to guarantee that a positive error bound is returned.

Sample: 6B
Score: 6

The response earned 6 points: no points in part (a), 4 points in part (b), and 2 points in part (¢). In part (a) the
response did not earn the first point as the denominators are incorrect in all of the first four nonzero terms of the
Maclaurin series for f. The response did not earn the second point because of an incorrect general term of the
Maclaurin series for f. In part (b) the response earned the first point for a ratio in line 2 that is consistent with the
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Question 6 (continued)

general term presented in part (a). The response earned the second point in line 2 with

%‘ The response earned

the third point with |x| < 3 in line 3 and a radius of convergence of the Maclaurin series for f that is consistent

with the general term presented in part (a). The response earned the fourth point by substituting the endpoints

x =3 and x = -3 into the imported general term from part (a). The response did not earn the fifth point as the
response states “converges” and “diverges” without justification. In part (c) the response earned both points with
an expression for the absolute value of the fifth-degree term evaluated at x = 2 that is consistent with the fifth-
degree term of the series in part (a).

Sample: 6C
Score: 3

The response earned 3 points: no points in part (a), 3 points in part (b), and no points in part (¢). In part (a) the
response did not earn the first point as the response has incorrect denominators in the second, third, and fourth
terms of the Maclaurin series for f. The response did not earn the second point because of an incorrect general
term of the Maclaurin series for f. In part (b) the response earned the first point for a ratio given in the top left
corner that is consistent with the general term presented in part (a). The incorrect general term imported from
part (a) results in an oversimplification of the question, so the response is not eligible for the second and third
points. The response earned the fourth point by substituting x = —1 and x =1 into the general term imported
from part (a). The response earned the fifth point with the analysis — for x = —1 with “harmonic diverges” and
for x =1 with “converges alt. harmonic”— and the interval of convergence boxed on the left that is consistent
with the general term presented in part (a). In part (c) the response did not earn the first point because the sixth-
degree term is used to find the requested upper bound instead of the fifth-degree term. The response did not earn
the second point because the error bound is not consistent with the presented fifth-degree term in part (a).
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